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8 kaacc. IlepBoIii 1eHD

8.1. Beimykaswiii ueTsipéxyroabuauk ABCD Takos,
uto /BAD = 2/BCD u AB = AD. Ilycts P — Takasa
TouKa, uTo ABCP — mnapaniaeaorpamm. Jloxkakure,
yto CP = DP.

8.2. Touka M — cepenuHa 00JbIeil OOKOBOI CTO-
poHBI CD npamoyroabuoi Tpanenuu ABCD. Onucan-
HBbIe OKOJIO TPeyroJbHUKOB BCM u AMD OKpPy:KHO-
CTU w1 U wy mepecexarTcda B Touke E. Ilycts ED tme-
pecekaeT w; B Touke F, a FB mepecexaer AD B G.
Horkaxure, uro GM — Ouccexkrpuca yria BGD.

8.3. JlaHbl OKPY/KHOCTh W W He JieKalllasd Ha Hel
Touka P. Ilycts ABC — mpous3BOJILHBIN IPaBUJIbLHBIA
TPeyroJbHUK, BIIMCAHHLIA B w, a Touku A’, B', C' —
npoernuu P Ha npambie BC, CA, AB. Haiigure reo-
MeTPUUYEeCKOe MECTO IEHTPOB TSMKECTH TPEeyroJbHU-
Ko A’B'C’.

8.4. Yernsipéxyroabauk ABCD BnmcaH B OKPYK-
HOCTBh c¢ meHTpoM O. Ilycth P — TOUKa mepeceueHus
ero nuaroHaJiei, a Touku M u N — cepeIuHBI CTOPOH
AB u CD coorBerctBeHHO. OKpyskHOCTE OPM BTO-
puuHO IepecekaeT oTrpe3sku AP m BP B TouKax A;
u B cooTBeTCTBEHHO, a OKPY:KHOCTh OPN BTOpPUY-
HO 1epecexkaeT orpesku CP u DP B Toukax Ci u D,
COOTBETCTBeHHO. [[OKaXuTe, UTO ILJIOIAAN UYeThIPEX-
yroabHUKOB AA1B1B u CC1D1D paBHBEI.
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8 kaacc. IlepBoIii 1eHD

8.1. Beinmykaswiii ueTwipéxyroabuauk ABCD Takos,
uto /BAD = 2/BCD u AB = AD. Ilycts P — Takasa
TouKa, uTo ABCP — mnapaniaeaorpamm. lokakure,
yro CP = DP.

8.2. Touka M — cepenuHa 00JbIleil OOKOBOM CTO-
poHBI CD npamoyroabuoi Tpanenuu ABCD. Onucan-
HBbI€ OKOJIO TPeyroJbHUKOB BCM u AMD OKpPy:KHO-
CTU w1 U wy mepecerarTcda B Touke E. Ilycts ED 1mie-
pecekaeT wi B Touke F, a FB mepecexaer AD B G.
Hoxraxxure, uro GM — Ouccexkrpuca yria BGD.

8.3. JlaHbl OKPY/KHOCTh W W He JieKalllasd Ha Hel
Touka P. Ilycts ABC — mpous3BOJILHBIN IPaBUJIbLHBIA
TPeyroJbHUK, BIIMCAHHLIN B w, a Touku A’, B', C' —
npoeruu P Ha npambie BC, CA, AB. Haiigure reo-
MeTPUUYEeCKOe MECTO IEHTPOB TSMKECTH TPEeyroJbHU-
kKo A’B'C’.

8.4. Yernsipéxyroabauk ABCD BOmcaH B OKPYK-
HOCTh c¢ meHTpoM O. Ilycth P — TOUKa mepeceueHUs
ero nuaroHaJiei, a Touku M u N — cepeIuHBI CTOPOH
AB u CD coorBerctBeHHO. OKpyskHOCTE OPM BTO-
puuHO IepecekaeT oTrpe3sku AP m BP B TouKax A;
u B cooTBeTCTBEHHO, a OKPY:KHOCTh OPN BTOpPUY-
HO 1epecexkaeT orpe3ku CP u DP B Toukax Ci u D,
COOTBETCTBeHHO. [[OKaXuTe, UTO ILJIOIAAN YeThIPEX-
yroabHuKoB AA1B1B u CC1D1D paBHBEI.
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9.1. Ilycte BH — BBICOTA NIPAMOYTOJBHOTO TPEYrOJbHUKA
ABC (/B = 90°). BHeBnucaHHasa OKPY:KHOCTL TPEYTOJbLHUKA
ABH, nporuBoJe:Kalad BepinuHe B, Kacaerca mpamoii AB B
TOUKe A;; aHaJoruuHO omupenaeasdercsa Touka Cq. [lokakure, 4To
AC || AC,.

9.2. OKpPy:KHOCTHU S; U Sy IIepecerkaroTcsa B Toukax A u B. Ye-
pe3 TOUKY A IIPOBOAATCS BCEBO3MOMKHEBIE IIPAMbBIE, BTOPUYHO IIe-
pecekampIe OKPYy:KHOCTH B TouKax P; u Py. IlocTpoiiTe MUPKY-
JIleM U JUHEHKOUN Ty HPAMYI0, IJIs KoTopoii P;A-AP; npuHUMAaeT
HamboJIbIIlee 3HAUEHUE.

9.3. Cpenuaa nuHUA, napajiaeibHas cTtopoHe AC Tpeyrojb-
Huka ABC, mepeceKaeT ero OIMCAHHYIO OKPYKHOCTb B TOUKAaX
X unY. Ilycts I — 1eHTP BIUCAHHON OKPYXKHOCTU TPEYTOJILHU-
Ka ABC, a D — cepenuua nyru AC, He comep:Kalieil Touxky B.
Ha otpeske DI ormeruau Touky L Takyio, utro DL = BI/2. Ilo-
Ka)xkmure, uTo n3 ToueK X m Y oTpel3ok IL BuJeH II0J pPaBHBIMU
yTJIaMMU.

9.4. [Tan paBHOOempeHHBIH TpeyroabHUK ABC, AB = AC,
P — cepenuna mensbiieit nyru AB oxpy:xkHOCcTH ABC, @ — Ce-
penuna orpesdxka AC. OKpPyKHOCTH ¢ IleHTpoM B O, onmmcaHHas
okosi0o APQ, BTOopuuHO mepecexkaer AB B Touke K. Jlokakure,
yro npameie PO u K@ nepecekaiorcsa Ha 6uccekrpuce yriaa ABC.
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9.1. Ilycte BH — BBICOTA NPAMOYTOJHHOTO TPEYrOJbHUKA
ABC (£ZB = 90°). BHeBnucaHHasag OKPY:KHOCTL TPEYTOJLHUKA
ABH, nporuBoJe:Kkalasd BepinuHe B, Kacaerca mpamoii AB B
TOUKe A;; aHaJoruuHO omupenaeasercsa Touka Cq. [lokakure, 4To
AC || A(C,.

9.2. OKpPY:KHOCTHU S; U Sy IIepecerkaroTcsa B Toukax A u B. Ye-
pe3 TOUKY A IIPOBOAATCS BCEBO3MOJKHEBIE IIPAMbBIE, BTOPUYHO IIe-
pecekamoIe OKPy:KHOCTH B TouKax P; u Py. IlocTpoiiTe MUPKY-
JIleM U JUHEHKOUN Ty HPAMYI0, IJs KoTopoii P1A-AP; npuHUMAaeT
HaumOoJIbIIlee 3HAUEHUE.

9.3. Cpenuaa nuHUA, napajiaeibHas cTtopoHe AC Tpeyrojb-
Huka ABC, mepeceKaeT ero OIMCAHHYIO OKPYsKHOCTb B TOUKAaXxX
X unY. Ilycts I — 1eHTP BIUCAHHON OKPYXKHOCTU TPEYTOJILHU-
Ka ABC, a D — cepenuua nyru AC, He comep:Kalieil Touxky B.
Ha orpeske DI ormeruau Touky L Takyio, utro DL = BI/2. Ilo-
Kaxxkmure, 4To n3 ToueK X m Y oTpe3ok IL BuUjeH II0J pPaBHBIMU
yTrJIaMMU.

9.4. [Tan paBHOOempeHHBIH TpeyroabHuK ABC, AB = AC,
P — cepenuna mensbieit nyru AB oxpy:xkHOCcTU ABC, @ — cCe-
penuna orpesdxka AC. OKPYyKHOCTH ¢ IeHTpoM B O, onmcaHHas
okoyio APQ, BTOopuuHO mepecexkaer AB B Touke K. Jlokakure,
yro npameie PO u K@ nepecekaiorcsa Ha 6uccekTpuce yriaa ABC.
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10 kaacc. IlepBoIii 1eHD

10.1. Tanbl aBa OAMHAKOBO OPHEHTHPOBAHHBIX
KBagpara A1AsAsAy u B1BsB3yBy. CepeguHHBIE IIEep-
MeHIUKYJIAPLI K oTpe3dkaM A1Bi, AsBy, A3Bs, As4By
ImepecekalmT cepefuHHbIe IIePHeHIUKYJIAPLI K OTPe3-
KaM Ang, A3Bg, A4B4, AlBl B TOUKaxX P, Q, R, S
coorBeTcTBeHHO. [loKaskure, uro PR | @S.

10.2. Tam BBITYKJBIH uYeTbIpexyroabHuKk ABCD.
OO1e BHeNIHME KacaTeJbHbIe K OKpY:KHocTaAM ABC
n ACD mepecekaroTcs B TOUKe E, K OKPY:KHOCTIM
ABD u BCD — B Touke F. Jlokaskure, 4TO €CJIU TOU-
Ka F jexxut ma npamoir AC, To Touka E Jje:XuUT Ha
npsamoii BD.

10.3. IIpamas nepecekaer orpe3ok AB B Touke C.
Kakoe makcumaabHOE Y1CJa0 ToueK X MOKeT HAauTHCh
Ha 9TOH IpPAMOH TakK, UTOOBI oxguH u3 yrjioB AXC u
BXC 6n11 B 1Ba pasa 00JbIlle ApPyroro?

10.4. BeinykJisiii ueTbipexyroabHUK ABCD Takos,
yro /B = /D. Jloka:Kure, 4YTO cepeamHa AuaroHa-
an BD nexut Ha o00Iell BHYTPeHHEHN KacaTeJbHOH
K OKPYKHOCTSAM, BIIMCAHHBLIM B TpeyrojabHuku ABC

u ACD.
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10 kaacc. IlepBoIii TeHD

10.1. Tanbpl aBa OAMHAKOBO OPHEHTHPOBAHHBIX
KBagpara A1AsAsAs u B1BsB3yBy. CepeguHHBIE TIEep-
MeHIUKYJIAPLI K oTpe3dkaM A1Bi, AsBy, A3Bs, AsBy
ImepecekalmT cepequHHbIe IIePHeHIUKYJIAPEI K OTPe3-
KaM Ang, A3Bg, A4B4, AlBl B TOUKaxX P, Q, R, S
cooTrBeTcTBeHHO. [loKaskure, uro PR | @S.

10.2. Tam BBITYKJBIH uYeThIpexyroabHuK ABCD.
OO1e BHeNIIHME KacaTeJbHbIe K OKpY:KHocTaAM ABC
n ACD mepecekaroTcs B TOUuKe E, K OKPY:KHOCTIM
ABD u BCD — B Touke F. Jlokaskure, 4TO €CJU TOU-
Ka F jexxut ma npamoir AC, To Touka E Jje:XuT Ha
npsamoii BD.

10.3. IIpamas nepecekaer orpe3ok AB B Touke C.
Kakoe makcumaabHOE Y1CJI0 ToueK X MOKeT HAauTHCh
Ha 9TOH IpPAMOI TakK, UTOOBI oxguH u3 yrioB AXC u
BXC 6n11 B 1Ba pasa 00JbIlle APyroro?

10.4. BeinykJasiii ueTbipexyroabHuK ABCD Takos,
yro /B = /D. Jloka:Kure, 4YTO cepeamHa AuaroHa-
an BD nexut Ha o0Iell BHYTPeHHEH KacaTeJbHOMI
K OKPYKHOCTSAM, BIIMCAHHBIM B TpeyrojabHuku ABC

u ACD.
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8.1. Let ABCD be a convex quadrilateral with
/BAD = 2/BCD and AB = AD. Let P be a point
such that ABCP is a parallelogram. Prove that
CP = DP.

8.2. Let ABCD be a right-angled trapezoid and
M be the midpoint of its greater lateral side CD.
Circumcircles w; and wy of triangles BCM and AMD
meet for the second time at point E. Let ED meet wq
at point F, and FB meet AD at point G. Prove that
GM bisects angle BGD.

8.3. A circle w and a point P not lying on it
are given. Let ABC be an arbitrary regular triangle
inscribed into w and A’, B’, C’ be the projections
of P to BC, CA, AB. Find the locus of centroids of
triangles A’B’C’.

8.4. Let ABCD be a cyclic quadrilateral, O be
its circumcenter, P be a common points of its
diagonals, and M, N be the midpoints of AB and
CD respectively. The circle OPM meets for the
second time segments AP and BP at points A; and
B; respectively, and the circle OPN meets for the
second time segments CP and DP at points C; and D,
respectively. Prove that the areas of quadrilaterals
AA{B:B and CC1D1D are equal.
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8.1. Let ABCD be a convex quadrilateral with
/BAD = 2/BCD and AB = AD. Let P be a point
such that ABCP is a parallelogram. Prove that
CP = DP.

8.2. Let ABCD be a right-angled trapezoid and
M be the midpoint of its greater lateral side CD.
Circumcircles w; and wy of triangles BCM and AMD
meet for the second time at point E. Let ED meet wq
at point F, and FB meet AD at point G. Prove that
GM bisects angle BGD.

8.3. A circle w and a point P not lying on it
are given. Let ABC be an arbitrary regular triangle
inscribed into w and A’, B’, C’ be the projections
of P to BC, CA, AB. Find the locus of centroids of
triangles A’B'C’.

8.4. Let ABCD be a cyclic quadrilateral, O be
its circumcenter, P be a common points of its
diagonals, and M, N be the midpoints of AB and
CD respectively. The circle OPM meets for the
second time segments AP and BP at points A; and
B; respectively, and the circle OPN meets for the
second time segments CP and DP at points C; and D,
respectively. Prove that the areas of quadrilaterals
AA{B:B and CC1D1D are equal.
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9.1. Let BH be an altitude of right-angled triangle
ABC (/B = 90°. An excircle of triangle ABH
opposite to B touches AB at point A;; a point C; is
defined similarly. Prove that AC || A;C;.

9.2. Let circles s; and ss meet at points A and B.
Consider all lines passing through A and meeting
the circles for the second time at points P; and Ps
respectively. Construct by a compass and a ruler
a line such that P; A - APy is maximal.

9.3. A medial line parallel to the side AC of
a triangle ABC meets its circumcircle at points X
and Y. Let I be the incenter of triangle ABC and D be
the midpoint of the arc AC not containing B. A point
L lie on segment DI in such a way that DL = BI/2.
Prove that ZIXL = ZIYL.

9.4. Let ABC be an isosceles triangle with AB =
= AC, P be the midpoint of the minor arc AB of
its circumcircle, and @ be the midpoint of AC. A
circumcircle of triangle AP@ centered at O meets AB
for the second time at point K. Prove that lines PO
and K@ meet on the bisector of angle ABC.

XVIII Geometrical Olympiad eov\etpuu HMe‘["[
in honour of I.F.Sharygin $° s
Final round. Ratmino, 2022, July 31 §r
e
Problems N

0"47,.? ‘
Vgin Geome™

First day. 9 grade

9.1. Let BH be an altitude of right-angled triangle
ABC (/B = 90°. An excircle of triangle ABH
opposite to B touches AB at point A;; a point C; is
defined similarly. Prove that AC || A;C;.

9.2. Let circles s; and ss meet at points A and B.
Consider all lines passing through A and meeting
the circles for the second time at points P; and Ps
respectively. Construct by a compass and a ruler
a line such that P; A - APy is maximal.

9.3. A medial line parallel to the side AC of
a triangle ABC meets its circumcircle at points X
and Y. Let I be the incenter of triangle ABC and D be
the midpoint of the arc AC not containing B. A point
L lie on segment DI in such a way that DL = BI/2.
Prove that ZIXL = ZIYL.

9.4. Let ABC be an isosceles triangle with AB =
= AC, P be the midpoint of the minor arc AB of
its circumcircle, and @ be the midpoint of AC. A
circumcircle of triangle AP® centered at O meets AB
for the second time at point K. Prove that lines PO
and K@ meet on the bisector of angle ABC.
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10.1. Let A{AsA3A4 and B1ByB3B4 be two squares
oriented clockwisely. The perpendicular bisectors
to segments A;B;, AsBs, A3B3, A;B; meet the
perpendicular bisectors to segments AsBs, AsBs,
Ay4By4, A1B; at points P, @, R, S respectively. Prove
that PR 1L @S.

10.2. Let ABCD be a convex quadrilateral. The
common external tangents to circles ABC and ACD
meet at point E, the common external tangents to
circles ABD and BCD meet at point F. Let F lie on
AC, prove that E lies on BD.

10.3. A line meets a segment AB at point C. What
is the maximal number of points X of this line such
that one of angles AXC and BXC is equal to a half
of the second one?

10.4. Let ABCD be a convex quadrilateral with
/B = /D. Prove that the midpoint of BD lies on the

common internal tangent to the incircles of triangles
ABC and ACD.
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10.1. Let A{AsA3A,4 and B1ByB3B4 be two squares
oriented clockwisely. The perpendicular bisectors
to segments A;B;, AsBs, A3B3, A;B; meet the
perpendicular bisectors to segments AsBs, AsBs,
Ay4By, A1B; at points P, @, R, S respectively. Prove
that PR 1L @S.

10.2. Let ABCD be a convex quadrilateral. The
common external tangents to circles ABC and ACD
meet at point E, the common external tangents to
circles ABD and BCD meet at point F. Let F lie on
AC, prove that E lies on BD.

10.3. A line meets a segment AB at point C. What
is the maximal number of points X of this line such
that one of angles AXC and BXC is equal to a half
of the second one?

10.4. Let ABCD be a convex quadrilateral with
/B = /D. Prove that the midpoint of BD lies on the

common internal tangent to the incircles of triangles
ABC and ACD.
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8 kaacc. Bropoii neHs

8.5. OxpyKHOCTH, BIHMCAHHAsI B TPEYrOJbHUK
ABC, xacaercsa ero cropoH AB, BC, AC B Toukax Cq,
A1, By coorBercTBenHoO. Ilycts A’ — TOuKa, cuMMmer-
puuHasa A; oTHocuTeJbHO npamon B;C;; aHAJIOTMUYHO
omnpepnensercsa Touxka C’. IIpameie A’C; u C’A; nepe-
cekarorcsa B Touke D. [lokaxkure, uto BD || AC.

8.6. Jlanbl aBe OKPYsKHOCTH, IlepeceKaroIuecs
B Toukax A, B, u Touka O, je:xamasa BHe ux. Llup-
KyJieM U JUHENKO! MOCTpPOoiiTe TaKOM JIyU ¢ HauaJoM
O, mepeceKaroUInil NEePBYI0 OKPYKHOCTh B Touke C,
a BTOPyI0 — B ToukKe D, uTo0bl oTHOIIeHue OC : OD
OBLIIO MAKCHUMAaJbHBIM.

8.7. Ha nyiockocTu JaHBI AECATH TOUYEK TaKUX, UTO
JII0ObIe UeThIpe JiesKaT Ha KOHType HEeKOTOPOro KBaj-
para. BepHo /Jm, UTO BCe HeCATDH JIedKaT Ha KOHTYype
HEeKOTOpOoro KBajapara?

8.8. Jlama paBHOOOKaa  Tpamemua ABCD
(AB = CD). Ha omuncaHHOUM OKOJIO HEE€ OKPYIKHO-
cTu BbBIOMpaeTca Touka P Tak, uro orpe3ok CP
nepecekaer ocuoBanume AD B Touke Q. Ilycte L —
cepenuHa @D. Jlokaxure, UTO IJWHA AUATrOHAJIU
Tpamenmuy He MIPEeBOCXOAUT CYMMBI PaCCTOAHUI
OT cepeauH €€ OOKOBBLIX CTOPOH O JIIOOOM TOYKU
npamoii PL.
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8 kaacc. Bropoii 1eHs

8.5. OxpyKHOCTH, BIIMCAHHASI B TPEYrOJbHUK
ABC, xacaercsa ero cropoH AB, BC, AC B Toukax Cjq,
A1, By coorBercTBenHO. IIycts A’ — TOuKa, cuMMmer-
puuHasa A; oTHocuTeJbHO npamon B;C;; aHAJIOTMUYHO
omnpepnensercsa Touxka C’. IIpameie A’C; u C’A; uepe-
cekarorcsa B Touke D. [lokaxkure, uto BD || AC.

8.6. Jlanbl aBe OKPYsKHOCTH, IIlepeceKaroIuecs
B Toukax A, B, u Touka O, je:xamiaa BHe ux. Llup-
KyJieM U JUHENKO! MOCTPOoiiTe TaKOM JIyU ¢ HauaJoM
O, mepeceKaroInil NEePBYI0 OKPYKHOCTh B Touke C,
a BTOPYyI0 — B ToukKe D, uTo0nl oTHOIIeHue OC : OD
OBLIIO MaKCHUMAaJbHBIM.

8.7. Ha nyiockocTu JaHBI AECATH TOUEK TaKUX, UTO
JII0ObIe UeThIpe JiesKaT Ha KOHType HEeKOTOPOro KBaj-
para. BepHo /Jm, UTO BCe HeCATDH JIedKAT Ha KOHTYype
HEeKOTOporo KBajapara?

8.8. Jlama paBHOOOKaa Tpamemua ABCD
(AB = CD). Ha omucaHHOU OKOJIO HEE€ OKPYIKHO-
cTu BbBIOMpaeTca Touka P Tak, uro orpe3ok CP
nepecekaer ocuoBanme AD B Touke Q. Ilycte L —
cepenuHa @D. Jlokaxurte, UYTO IJWHA IUATOHAJIU
Tpamenmuy He MIPEeBOCXOAUT CYMMBI PaCCTOAHUI
OT cepeauH €€ OOKOBBLIX CTOPOH O JIIOOOM TOYKU
npamoii PL.
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9.5. Xopael AB u CD OKPY’KHOCTH W IIEPECeKaloTCs B TOUKe
E, npuuem AD = AE = EB. Ha orpe3xke CE oTMeTHJIN TOUYKY
F, tak uro ED = CF. Buccexkrpuca yria AFC mepecekaeT aIyry
DAC B Touke P. [lokaskure, uto Touku A, E, F u P jexxar Ha
OJHOII OKPYKHOCTH.

9.6. IIpomom:xkenuss 60KOBBIX cTOpoH AB m CD Tpamenuu
ABCD (AD > BC) nepecerkatorcsa B Touke P. Ha orpesxke AD
HaIlJIach TaKas TouKa @, uTo BQ = CQ. [[orkakure, 4TO JUHUA
IIEHTPOB OKPYKHOCTEI, OIMMMCAHHBLIX OKOJIO TPeyroJabHuKOB AQC
u BQD, neprneHAUKyIApHAa mpaAMoi PQ.

9.7. IlycTh BBICOTHI OCTPOYTOJBHOrO TpeyroabHuka ABC me-
pecexkaiorcad B Touke H. OKPY’KHOCTb, ONHCAHHAsA OKOJIO Tpe-
yroabuuka AHC, nepecekaetr orpe3ku AB u BC B Toukax P u Q.
IIpamasa PR nepecekaer AC B R. Ha npamoit PH B3ara Touka K
rakad, uro /KAC = 90°. [lokaskure, uro npamad KR mepmneH-
IUKYJAApHa OOHON M3 MeauaH TpeyroabHuka ABC.

9.8. Ha mirockocTu mpoBei HECKOJbKO OKPY:KHOCTEH U OT-
MEeTHJIM BCe TOUKHU MX IepeceueHus uUJIM Kacanus. Moker au
O0Ka3aThCs, YTO Ha KaKJI0W OKPYIKHOCTHU JIeKAT POBHO IIATH OT-
MEUEHHBIX TOUEK, a Ueped KaKAYI OTMEUEeHHYI0 TOUKY IIPOXO-
IAT POBHO IIATH OKPYYKHOCTEMN?
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9.5. Xopabel AB u CD OKPY’KHOCTH W IIEPECeKaloTCs B TOUKe
E, npuuem AD = AE = EB. Ha orpe3xke CE oTMeTHJIN TOUYKY
F, tak uro ED = CF. Buccexkrpuca yria AFC mepeceKaeT ayry
DAC B Touke P. [lokaskure, uto Touku A, E, F u P jexxar Ha
OJHOII OKPYKHOCTH.

9.6. IIpomom:xenus 60KOBBIX cTOpoH AB m CD Ttpamenuu
ABCD (AD > BC) mepecerkatorcsa B Touke P. Ha orpesxke AD
HaIlJIach TaKas TouKa @, uto BQ = CQ. [lorkakure, 4TO JUHUA
IIEHTPOB OKPYKHOCTEI, OIMMMCAHHBLIX OKOJIO TPeyroJabHuKOB AQC
u BQD, neprneHIAUKyaApHa npaMoi PQ.

9.7. IlycTh BBICOTHI OCTPOYTOJBHOrO TpeyroabHuka ABC me-
pecexkaiorcad B Touke H. OKPY’KHOCTb, ONHMCAHHAsA OKOJIO Tpe-
yroabruuka AHC, nnepecekaetr orpe3ku AB u BC B Toukax P u Q.
IIpamasa PR nepecekaer AC B R. Ha npamoit PH B3ara Touka K
rakad, uro /KAC = 90°. Jlokaskure, uro npamad KR mepmneH-
IUKYJAApHa OOHOM M3 MeauaH TpeyroabHuka ABC.

9.8. Ha mirockocTu mpoBesi HECKOJbKO OKPY:KHOCTEH U OT-
MEeTHJIM BCE TOUKHU MX IepeceueHMs uUJIM Kacanus. Moker au
O0Ka3aThCs, YTO Ha KaKJI0W OKPYIKHOCTHU JIeKAT POBHO IIATH OT-
MEUEHHBIX TOUEK, a Ueped KaKAYI OTMEUEeHHYI0 TOUKY IIPOXO-
IAT POBHO IIATH OKPYYKHOCTEMN?
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10.5. I3 Touku A K oKpy:KHOCTHU ) IIPOBEAEHbI KacaTeJbHbIe
AB u AC. Ha otpeske BC oTMmeueHa cepeaunHa M 1 IPOU3BOJIL-
Had Touka P. IIpamas AP mepecexaeT OKPYKHOCTE {) B TOUKax
D u E. [Tlokaxkure, uTo o0II[Me BHEITHNE KacaTeJbHbIe K OKPYIK-
"HocTaM MDP u MPE mnepeceKalTcsa Ha CPefHEH JHUHUU Tpe-
yroabruuka ABC.

10.6. B octpoyrombuom TpeyroabHuke ABC Ttouku O, I —
IMeHTPLI ONMCAHHONM M BONCAHHOUW OKpPY:KHOCTeM, P — mpous-
BOJIbHAS TOUKa Ha oTpeske OI, touku P4, Pg u Po — BTOpBIE TOY-
Ku mepeceuenuda npAmMbix PA, PB u PC c okpy:kHOocThi0 ABC.
Hoxaxxkure. uro 6uccekrpuckl yriioB BP,C, CPgA u AP:B nepe-
CeKaroTcsA B OSHOU TOUKe, Jeskalieil Ha mpamoi OI.

10.7. Ha nyocKoCTU IIPOBEJIM HECKOJIBKO OKPYIKHOCTEH 1 OT-
MEeTHJIX BCE TOUKHU MX IepeceueHus uUJIM Kacanus. Moker au
OKa3aThCs, YTO Ha KaXKIOM OKPYKHOCTH JieKaT POBHO YeThIPe
OTMEUEeHHBLIX TOUYKHU, a UYepe3d KaKIyI0 OTMEUEeHHYIO TOYKY ITPO-
XOJASAT POBHO UETHhIPE OKPYKHOCTH?

10.8. JTan meHTpaJLHO-CUMMETPUYHLIA oxkTasap ABCA’B'C’
(maper A u A’, B u B’, C u C' nIpOTHUBOIIOJIOHBI), TAKOMi, UTO
CYMMBI ILJIOCKHUX YIJIOB IPU KaKIOM M3 BePIIUH OKTasapa paB-
ubl 240°. B Tpeyroabuukax ABC u A’BC ormeuensl Touku Top-
puuensnu T7 u Ty. Jokaxkure, uro paccrodanus or T; u Ty no BC
PaBHHI.
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10.5. I3 Touku A K oKpy:KHOCTHU ) IIPOBEAEHbI KacaTeJbHbIe
AB u AC. Ha otpeske BC oTMmeueHa cepeaunHa M 1 IPOU3BOJL-
Had Touka P. IIpamas AP mepecexaeT OKPYKHOCTE {) B TOUKax
D u E. [Tloka:xkure, 4To 00II[Me BHEIITHNE KacaTeJbHbIe K OKPYIK-
"HocTaM MDP u MPE mnepeceKalOTcsa Ha CPefHEH JHUHUU Tpe-
yroapuuka ABC.

10.6. B octpoyrombuom TpeyroabHuke ABC Touku O, I —
IEeHTPLI ONMCAHHONM M BONCAHHONM OKpPY:KHOCTeM, P — mpomus-
BOJIbHAS TOUKa Ha orpeske OI, touku P4, Pg u Po — BTOpBIE TOU-
Ku mepeceuenuda npAmMbix PA, PB u PC c okpy:kHOocThi0 ABC.
Hoxaxxkure. uro 6uccekrpuckl yriioB BP,C, CPgA u AP:B nepe-
CeKaroTcsA B OSHOU TOUKe, JesKkalieil Ha nmpamoi OI.

10.7. Ha nmyocKkoCTU IIPOBEJIM HECKOJIBKO OKPYXKHOCTEH 1 OT-
MEeTHJIX BCe TOUKHU MX IepeceueHus WUJIM Kacanus. Moker au
OKa3aThCs, YTO Ha KaXKIOM OKPYKHOCTH JieKaT POBHO YeThIPE
OTMEUEHHBLIX TOYKHU, a Uepe3d KaKIyI0 OTMEUEeHHYIO TOYKY ITPO-
XOJSAT POBHO YETHIPE OKPYKHOCTH?

10.8. Tan meHTpaAJLHO-CUMMETPUYHLIA oxkTasap ABCA’B'C’
(maper A u A’, B u B’, C u C' IpOTHUBOIIOJIOHBI), TAKOMi, UTO
CYMMBI ILJIOCKHUX YIJIOB IPU KaKIOM M3 BePIIUH OKTasapa paB-
ubl 240°. B Tpeyronbuukax ABC u A’BC ormeuensl Touku Top-
puuennu T7 u Te. Hokaxkure, uTo paccrodanus or T; u Ty o BC
PaBHHI.
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8.5. The incircle of triangle ABC touches AB,
BC, AC at points C1, A1, By respectively. Let A’ be
the reflection of A; about B1C;; point C’ is defined
similarly. Lines A’C; and C’A; meet at point D.
Prove that BD || AC.

8.6. Two circles meeting at points A, B and a point
O outside them are given. Using a compass and
a ruler, construct a ray with origin O meeting the
first circle at point C and the second one at point D
in such a way that the ratio OC : OD be maximal.

8.7. Ten points on a plane are such that any
four of them lie on the boundary of some square.
Is it obligatory true that all ten points lie on the
boundary of some square?

8.8. An isosceles trapezoid ABCD (AB = CD)
is given. A point P on its circumcircle is such
that segments CP and AD meet at point @. Let
L be the midpoint of @D. Prove that the diagonal
of the trapezoid is not greater than the sum of
distances from the midpoints of the lateral sides to
an arbitrary point of line PL.
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8.5. The incircle of triangle ABC touches AB,
BC, AC at points C1, A1, By respectively. Let A’ be
the reflection of A; about B{C;; point C’ is defined
similarly. Lines A’C; and C’A; meet at point D.
Prove that BD || AC.

8.6. Two circles meeting at points A, B and a point
O outside them are given. Using a compass and
a ruler, construct a ray with origin O meeting the
first circle at point C and the second one at point D
in such a way that the ratio OC : OD be maximal.

8.7. Ten points on a plane are such that any
four of them lie on the boundary of some square.
Is it obligatory true that all ten points lie on the
boundary of some square?

8.8. An isosceles trapezoid ABCD (AB = CD)
is given. A point P on its circumcircle is such
that segments CP and AD meet at point Q. Let
L be the midpoint of @D. Prove that the diagonal
of the trapezoid is not greater than the sum of
distances from the midpoints of the lateral sides to
an arbitrary point of line PL.
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9.5. Chords AB and CD of a circle w meet at point
E in such a way that AD = AE = EB. Let F be
a point of segment CE such that ED = CF. The
bisector of angle AFC meets an arc DAC at point P.
Prove that A, E, F, and P are concyclic.

9.6. Lateral sidelines AB and CD of a trapezoid
ABCD (AD > BC) meet at point P. Let @ be a point
of segment AD such that BQ = CQ. Prove that the

line passing through the circumcenters of triangles
AQC and BQD is perpendicular to PQ.

9.7. Let H be the orthocenter of an acute-angled
triangle ABC. The circumcircle of triangle AHC
meets segments AB and BC at points P and @. Lines
PQ and AC meet at point R. A point K lies on the
line PH in such a way that ZKAC = 90°. Prove that
KR is perpendicular to one of medians of triangle
ABC.

9.8. Several circles are drawn on the plane and all
points of their intersection or touching are marked.
is it possible that each circle contains exactly five
marked points and each point belongs to exactly five
circles?
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9.5. Chords AB and CD of a circle w meet at point
E in such a way that AD = AE = EB. Let F be
a point of segment CE such that ED = CF. The
bisector of angle AFC meets an arc DAC at point P.
Prove that A, E, F, and P are concyclic.

9.6. Lateral sidelines AB and CD of a trapezoid
ABCD (AD > BC) meet at point P. Let @ be a point
of segment AD such that BQ = CQ. Prove that the

line passing through the circumcenters of triangles
AQC and BQD is perpendicular to PQ.

9.7. Let H be the orthocenter of an acute-angled
triangle ABC. The circumcircle of triangle AHC
meets segments AB and BC at points P and @. Lines
PQ and AC meet at point R. A point K lies on the
line PH in such a way that ZKAC = 90°. Prove that
KR is perpendicular to one of medians of triangle
ABC.

9.8. Several circles are drawn on the plane and all
points of their intersection or touching are marked.
is it possible that each circle contains exactly five
marked points and each point belongs to exactly five
circles?

Second day. 9 grade
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10.5. Let AB and AC be the tangents from a point
A to a circle 2. Let M be the midpoint of BC and
P be an arbitrary point on this segment. A line AP
meets 2 at points D and E. Prove that the common
external tangents to circles MDP and MPE meet on
the medial line of triangle ABC.

10.6. Let O, I be the circumcenter and the incenter
of triangle ABC; P be an arbitrary point on segment
OI; P4, Pg, and P; be the second common points
of lines PA, PB, and PC with the circumecircle of
triangle ABC. Prove that the bisectors of angles
BP,C, CPgA, and AP:B concur at a point lying
on OI.

10.7. Several circles are drawn on the plane and all
points of their intersection or touching are marked.
May be that each circle contains exactly four marked
points and each point belongs to exactly four circles?

10.8. Let ABCA’B’'C’ be a centrosymmetric
octahedron (vertices A and A’, B and B’, C and C’ are
opposite) such that the sums of four planar angles
equal 240° for each vertex. The Torricelli points T}
and Ts of triangles ABC and A’BC are marked. Prove
that the distances from T; and Ty to BC are equal.
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10.5. Let AB and AC be the tangents from a point
A to a circle 2. Let M be the midpoint of BC and
P be an arbitrary point on this segment. A line AP
meets 2 at points D and E. Prove that the common
external tangents to circles MDP and MPE meet on
the medial line of triangle ABC.

10.6. Let O, I be the circumcenter and the incenter
of triangle ABC; P be an arbitrary point on segment
OI; P4, Pg, and P; be the second common points
of lines PA, PB, and PC with the circumecircle of
triangle ABC. Prove that the bisectors of angles
BP,C, CPgA, and AP:B concur at a point lying
on OI.

10.7. Several circles are drawn on the plane and all
points of their intersection or touching are marked.
May be that each circle contains exactly four marked
points and each point belongs to exactly four circles?

10.8. Let ABCA’B’'C’ be a centrosymmetric
octahedron (vertices A and A’, B and B’, C and C’ are
opposite) such that the sums of four planar angles
equal 240° for each vertex. The Torricelli points T}
and Ts of triangles ABC and A’BC are marked. Prove
that the distances from T; and Ty to BC are equal.



